We study the Pauli-Schrödinger equation in a uniformly rotating frame of reference to describe a coupling of spins and mechanical rotations. The explicit form of the spin-orbit interaction (SOI) with the inertial effects due to the mechanical rotation is presented. We derive equations of motion for a wavepacket of electrons in two-dimensional planes subject to the SOI. The solution is a superposition of two cyclotron motions with different frequencies and a circular spin current is created by the mechanical rotation. . Since the spin current is a non-conserved quantity, the utilization of spin currents is much more challenging than that of charge currents. A central concept of spintronics is the transfer of spin angular momentum based on the angular momentum conservation. Experimental developments in the last decade have allowed us to exchange the angular momentum among conduction electron spin, local magnetization, and photon polarizations. These phenomena give birth to a variety of functions [2] , and have accelerated the development of magnetic random access memoriy (MRAM) [3] .
Introduction.-Recently much attention is paid on the control and generation of spin currents, i.e. the flow of electron spins in the field of spintronics [1] . Since the spin current is a non-conserved quantity, the utilization of spin currents is much more challenging than that of charge currents. A central concept of spintronics is the transfer of spin angular momentum based on the angular momentum conservation. Experimental developments in the last decade have allowed us to exchange the angular momentum among conduction electron spin, local magnetization, and photon polarizations. These phenomena give birth to a variety of functions [2] , and have accelerated the development of magnetic random access memoriy (MRAM) [3] .
In this context, a remaining form of angular momentum carried by condensed matter systems is the mechanical angular momentum due to uniform rotation of a rigid body. Using this mechanical angular momentum in spintronics will permit the mechanical manipulation of spin currents. However, effects of mechanical rotation on a spin current have not been demonstrated so far.
In this Letter, we derive the fundamental Hamiltonian with a coupling of spin currents and mechanical rotations from the generally covariant Dirac equation. The introduction of mechanical rotations involves extending our physical system from an inertial to non-inertial frame. The dynamics of spin currents is closely related to the spin-orbit interaction (SOI), which results from taking the low energy limit of the Dirac equation. Figure 1 illustrates the relation between mechanical rotation, magnetization, and spin current. The coupling of the magnetization and a spin current has been investigated extensively in terms of spin transfer torque [4, 5] , spin pumping [6] , and spin motive force [7] , i.e., the key technologies of spintronics. On the other hand, the coupling of a mechanical torque and the magnetization was studied long time ago. In the middle of 1910's, the coupling of mechanical rotations and magnetization was investigated by Barnett [9] , Einstein and de Haas [10] . They measured the gyromagnetic ratio and the anomalous gfactor of electrons before the establishment of the modern quantum physics. Recently, several groups have detected the effects of mechanical rotations on nanostructured magnetic systems. Mechanical detection of ferromagnetic resonance spectroscopy has been recognized [11] , Einstein-de Haas effect, rotation induced by magnetization, is observed in the submicron sized thin NiFe films deposited on a microcantilever [12] , and the nanomechanical detection of a mechanical torque due to spin-flips at the normal/ferromagnetic junction of a suspended nanowire has been reported [13] . There is theoretical work on the effects of a mechanical torque acting on a nanostructured magnetic system [14] [15] [16] [17] . The Einsteinde Haas effect in Bose-Einstein condensates of atomic gases has been proposed [18] .
Comparing to the well established coupling of mechanical rotations and magnetization, and that of magnetization and spin currents, the direct coupling of mechanical rotations and spin currents has not been demonstrated. The main purpose of this Letter is to link the mechanical rotation with spin currents.
First, we introduce the Dirac equation in a uniformly rotating frame. In the low energy limit of this equa- tion, we derive up to the order of 1/m 2 with electron mass m the Pauli-Schrödinger Hamiltonian for a single electron including a SOI modified by a mechanical rotation. This coincides with that derived by de Oliveira and Tiomno [19] when the weak gravitational field in their Hamiltonian is replaced with a uniformly rotating field, in the case of the uniform rotations. It is then straightforward to extend the derivation to condensed matter systems in a rotating frame by replacing the coupling parameter of the SOI in vacuum with that in materials [8, 20] . We derive equations of motion for a wavepacket subject to spin-dependent forces due to the SOI term and solve them in a particular case. The solution exhibits a circular pure spin current caused by mechanical rotation.
Dirac equation in a uniformly rotating frame.-According to the Einstein's principle of equivalence, gravitation cannot be distinguished from noninertiality. In the general relativity, both gravitational and inertial effects are expressed by a metric and a connection in a curved space-time. Dynamics of a spin-1/2 particle in a curved space-time is described by the generally covariant form of the Dirac equation [21] :
where c andh are the velocity of light and the Plank constant, m and q = −e are the mass and charge of an electron, A µ = (A 0 , A) is the gauge potential, and Γ µ the spinor connection (see [21] , for example).
The coordinate-dependent Clifford algebra in the curved space-time
µν (x) with the metric g µν (x) (µ, ν = 0, 1, 2, 3). In a uniformly rotating frame of reference, of which the angular velocity with respect to an inertial frame is Ω(t), the coordinate transformation from the rotating frame to the inertial frame is dr ′ = dr + (Ω × r) dt. The space-time line element is given by ds
The metric in a uniformly rotating frame becomes
. From this metric, we obtain the Clifford algebra and the spinor connection in the rotating frame as γ 
where π = p − qA is the mechanical momentum and r is position vector from the rotation axis. It is well known that, in classical mechanics, the Hamiltonian in the rotating frame has the additional term Ω · (r × π) reproducing the inertial effects: Coriolis, centrifugal, and
Euler forces [22] . The term Ω · Σ is the so-called spinrotation coupling found in Ref. [19] and also discussed in the context of neutron interferometry in a stationary laboratory on the Earth [23] . The last term of Eq. (2), Ω · (r × π + Σ), can be regarded as a quantum mechanical generalization of the inertial effects [23] obtained by replacing the mechanical angular momentum r × π with total angular momentum r × π + Σ. Pauli-Schrödinger equation in a rotating frame.-In the low energy limit, the Dirac equation in a flat spacetime reduces to the Pauli-Schrödinger equation by the Foldy-Wouthuysen-Tani transformation [24, 25] , which block diagonalizes the Hamiltonian and is the systematic expansion yielding relativistic corrections in any order of the inverse mass, O(1/m n ) (n = 1, 2, · · ·). We divide the Hamiltonian (2) into even and odd parts denoted by E and O, respectively; H = βmc
. By successive transformations, the Hamiltonian up to the order of 1/m 2 becomes
Neglecting the rest energy in Eq. (3), the PauliSchrödinger equation for the upper component of Dirac spinors in the rotating frame is obtained by
with µ B = qh/2m, λ =h 2 /4m 2 c 2 , S = (h/2)σ, and
Equation (4) is the 2-spinor equation for a single electron in the rotating frame and the Hamiltonian is a 2×2 matrix operator. In this expansion, the Hamiltonian to the order of 1/m is given by H K + H Z + H I . The spin-independent H K contains the kinetic energy and the potential energy. The Zeeman energy H Z contains the g-factor of the electron equal to 2, which, combined with H K , yields the coupling with magnetic fields, (q/2m)(r × π + 2S) · B. This contrasts with Eq. (8): the mechanical rotation couples to the total angular momentum of the electron r × π + S. The inertial effects, i.e., Coriolis, centrifugal, and Euler forces, are reproduced by H I and Ω · S is the spin-rotation coupling term. The expansion of the order of 1/m 2 yields H S and H D , which are the SOI and Darwin terms with the mechanical rotation, respectively. In the absence of the mechanical rotation, Ω = 0, these terms reduce to the usual SOI and Darwin terms in a flat space-time. In the case of Ω = 0, we find that "the electric force" qE is modified by an additional term (Ω × r) × B. This can be interpreted as Lorentz boost with the rotating velocity Ω × r. The modified SOI term H S is responsible for the mechanical manipulation of the spin current as shown below.
Renormalization of SOI.-In vacuum, the contribution of H S to H I is negligible, provided that the dimensionless spin-orbit coupling parameter η SO = λ(mv) 2 /h 2 = (v/2c) 2 ≪ 1. However, the effect from the SOI can be enhanced in condensed matter systems yielding renormalization of the coupling λ with that of materials. Using Fermi momentumhk F as mv, η SO equals tõ λk 2 F whereλ is a enchanced spin-orbit coupling parameter. The renormalization depends on detailed electronic structures and electron correlations [26, 27] . In the case of Pt, the dimensionless coupling η SO is estimated as 0.59 using the nonlocal measurement of the spin Hall effect [28, 29] . Electrons in a non-inertial frame cannot distinguish rotational effects (Ω×r)×B in Eq. (9) from electric fields E. Therefore, the coupling constant of (Ω × r) × B is renormalized in the same manner as that of E. Consequently, the effect due to the SOI in a rotating frame can be sizable effects as shown below in the large SOI systems [26, 27, 30, 31] .
Circular spin current due to mechanical rotation.-To clarify physical meanings of the Pauli-Schrödinger equation in a uniformly rotating frame, we investigate the equations of motion for operator r, mr = F , where a quantum mechanical "force", F = [mv, H P R ] /ih + m∂v/∂t, with v = [r, H P R ] /ih. Ehrenfest's theorem leads to equations of motion for an electron wavepacket by taking the expectation values with a certain Heisenberg state |ψ [20] . Since the full expression for F is lengthy, in this Letter we show a particular case: E = 0, B = (0, 0, B), Ω = (0, 0, Ω), and B a constant. In this case, the in-plane forces F ⊥ = ( F x , F x , 0) are spin-diagonal and we focus on the electron motion in the xy-plane. Up to the order of Ω/ω c with ω c = qB/m, the equations of motion for the center of mass of the electron wavepacket isR
where R + , R − are the wavepacket's position vector of up-and down-spin electron, τ y = 0 1
. κ is the dimensionless parameter which separates the electron motion into fast and slow modes. This parameter consists of the dimensionless SOI coupling η SO and the ratio of spin-rotation coupling energyhΩ to the Fermi energy
. Because of |κ| ≪ 1 and a ± ≈ ω c , we obtain the solution of Eq. (12) as
where R
(1)
± =Ṙ ± (0)/ω c and R (13) which originates from the SOI with a mechanical rotation. This solution shows that the mechanical rotation causes a circular (pure) spin currents in a rotating frame (Fig. 2 ). The spin current is obtained as J s = σ=± σen σ v σ d = 2enRκω cφ with the electron density n σ = n. In the case of B ≈ 1 T, Ω ≈ 1kHz, η SO ≈ 0.59, k F ≈ 10 10 m −1 , and R ≈ 0.1m, the spin current |J s | becomes about 10 8 A/m 2 . This can be investigated using spin detection methods such as non-local spin valves [32] , the inverse spin Hall effect [33] and the real-time imaging method [34] .
The generation of the circular spin currents can be interpreted as an analogy of the drift of charged particles in electromagnetic fields. The average velocity of motion of a charge in crossed a magnetic field B and an external force F is given by the drift velocity v d = F×B/qB 2 [35] . In our case, F corresponds to the spin-dependent force mb ± R ± = ±mκω 2 c R ± . Thus, the spin-dependent drift velocity is v Conclusion.-We have derived the Pauli-Schrödinger equation in a uniformly rotating frame of reference thereby describing the coupling of spin to mechanical rotations. This equation involves the spin-orbit interaction augmented by a mechanical rotation, which reveals a mechanism for the quantum mechanical transfer of angular momentum between a rigid rotation and a spin current. Using the semi-classical equations of motion for electrons with spin-dependent forces, a circular spin current is predicted. It should be noted that starting from the generally covariant Dirac equation is essential when treating spintronics in accelerated frames. The present formalism offers a route to "spin mechatronics", viz. a strong coupling of mechanical motion with spin and charge transport in nanostructures.
